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ABSTRACT 
 
The quark sector of Cosmic Egg Theory is closed: six quark masses, the CKM matrix, CP 
phase, and proton mass all follow from hull-face geometry with zero free parameters. This paper 
closes the lepton mixing sector by the same method, applied to the fold-face geometry that 
defines leptons. 
 
Four derivations are presented. (1) Tribimaximal (TBM) mixing at leading order: the Koide 
relation's 2πk/3 phase spacing places the three lepton amplitudes at exactly 120° on the Nyx 
equilateral triangle — an arrangement already required by prior derivation. The three neutrino 
mass eigenstates decompose by Nyx symmetry into a democratic mode (U = 1/√3 all 
generations), a bilateral mode (U = ±1/√2 in the μ-τ plane), and their unitary complement. This 
gives sin²θ₁₂ = 1/3, sin²θ₂₃ = 1/2, and θ₁₃ = 0 at leading order — the tribimaximal matrix — from 
fold-face geometry alone, with zero free parameters. (2) The reactor angle: the interior 
octahedron couples the hull face (quark sector) to the fold face (lepton sector) at the Nyx 2/3 
fraction. This gives sin θ₁₃ = (2/3) × sin θ₁₂^{CKM} = (2/3) × √(m_d/m_s) = 0.149 (observed 
0.149, 0.7%). The reactor angle is the direct geometric imprint of the CKM Cabibbo structure on 
the lepton sector. (3) The CP phase: the interior octahedron presents 8 faces to the hull side 
(SU(3)) and 6 vertices to the fold side (U(1)). Three generations traversing the fold-face 6-vertex 
structure give δ_PMNS = −(3/6)π = −π/2 = −90°, negative by the fold-face bilateral sign. The 
Packler correction is α(m_Z)/6 ≈ 0.078° — negligible, below experimental resolution. T2K 
measures δ = −90°; NuFIT global fit gives −144° ± 40° at 1σ, within which −90° comfortably sits. 
(4) Corrections to θ₁₂ and θ₂₃: the 1.89 Nyx cascade spacing (derived independently from 
charged lepton masses) and the θ₁₃ back-perturbation both shift θ₁₂ and θ₂₃ downward from TBM 
— matching the observed direction. 
 
The central structural result: the CKM and PMNS matrices are the same bilateral cascade read 
from opposite faces of the interior octahedron. The face sign (±1) determines the CP phase 
direction. The structural element count (8 faces vs 6 vertices) determines the CP phase 
magnitude. Their ratio |δ_PMNS| / δ_CKM = 8/6 = 4/3 is the octahedron face-to-vertex ratio — a 
testable prediction. 
 
 



1. CONTEXT AND APPROACH 
 
1.1 The Quark Sector as Baseline 
 
CET derives the quark mass spectrum from hull-face geometry — the discrete complement of 
the continuous bilateral crossing. The hull face is ±1, square wave. Four structural laws govern 
the quark mass hierarchy and the master relation sin θ_{ij} = √(m_lighter/m_heavier) governs 
the CKM mixing matrix. All closed with zero free parameters. (Packler, Day 192) 
 
The lepton mixing sector is different at the geometric level. Leptons are U(1) — fold-face 
configurations. The fold face is continuous, sinusoidal, S¹ boundary. The properties of a 
sinusoidal wave differ from a square wave, and those differences drive every structural feature 
that distinguishes lepton mixing from quark mixing — particularly the large PMNS angles vs the 
small CKM angles. This paper derives the PMNS matrix from fold-face geometry. No new 
inputs. The same bilateral cascade, read from the other face. 
 
1.2 The Cascade Depth Coordinate 
 
Every particle maps to a dimensional cascade depth: 
 
n_particle = ln(E_P / m_particle c²) / ln(√2+1) 
 
The charged lepton cascade depths: 
 
Particle  |  Mass  |  Cascade depth n 
Tau  |  1776.9 MeV  |  49.21 
Muon  |  105.66 MeV  |  52.41 
Electron  |  0.511 MeV  |  58.46 
Sophia Formation boundary  |  94.8 eV  |  68.19 
 
Three structural features appear immediately. 
 
The muon-strange degeneracy: n_μ = 52.41, n_s = 52.56. Second-generation lepton and 
second-generation down-type quark sit 0.15 cascade steps apart. Structural, not accidental. 
 
The 1.89 Nyx ratio. The cascade spacing between adjacent charged lepton generations: 
Δn_{eμ} = 58.46 − 52.41 = 6.05 
Δn_{μτ} = 52.41 − 49.21 = 3.20 
Ratio: 6.05 / 3.20 = 1.891 ≈ 1.89 
 
This is the Nyx 3-fold generation spacing ratio — a derived quantity from the charged lepton 
masses, not a new input. It measures the degree to which the three generations are not equally 
spaced on the fold face, and is the source of the leading corrections to TBM mixing. 



 
The Sophia boundary: all three neutrino mass eigenstates satisfy Q = 0 at n*(1) = 68.19 — the 
cascade depth at which T₂ forms and the first topological interior appears. Neutrinos are the 
lightest stable particles the cascade produces, at or near the Sophia boundary with the full 
bilateral structure now operational. 
 
1.3 Why Lepton Mixing Is Large and Quark Mixing Is Small 
 
The hull face (quarks) is discrete — ±1, square wave. The Fourier expansion of a square wave 
has its dominant coefficient at 4/π < 1, which suppresses cascade amplitude overlaps → small 
CKM angles. The fold face (leptons) is continuous — sinusoidal. No 4/π suppression. Cascade 
amplitude overlaps are O(1) → large PMNS angles. This is not an independent assumption. It 
follows from the fold/hull face assignment in the gauge group derivation (§15.2.5, CET v20). 
Large lepton mixing is a geometric consequence of leptons being on the fold face. 
 
 
2. FOUR DERIVATIONS 
 
2.1 Derivation 1 — Tribimaximal Mixing at Leading Order 
 
The Koide relation for charged leptons takes the form: 
 
√m_k = A(1 + √2 cos(2πk/3 + φ))  for k = 0, 1, 2 
 
The 2πk/3 term places the three charged lepton amplitudes at exactly 120° spacing in the Koide 
phase circle. The Koide phase circle is the Nyx equilateral triangle — not an assumption, not 
new geometry. The 120° spacing is forced by the derivation already completed. 
 
The three neutrino mass eigenstates also live on the fold face and must decompose by the 
same Nyx symmetry. There are exactly three irreducible decompositions: 
 
Mode ν₂ — the Nyx-symmetric (democratic) mode. 
Equal projection onto all three Nyx vertices, required by symmetry: 
U_{eν₂} = U_{μν₂} = U_{τν₂} = 1/√3 
 
Mode ν₃ — the bilateral antisymmetric mode. 
The bilateral crossing axis lies in the μ-τ plane. The electron generation sits at the Nyx apex, 
orthogonal to the bilateral axis at leading order: 
U_{eν₃} = 0,  U_{μν₃} = +1/√2,  U_{τν₃} = −1/√2 
The ±1/√2 is the bilateral crossing factor — the same factor throughout the framework. 
 
Mode ν₁ — the unitary complement. 
Uniquely determined by U†U = 1 with ν₂ and ν₃ fixed: 



U_{eν₁} = √(2/3),  U_{μν₁} = −1/√6,  U_{τν₁} = +1/√6 
 
The resulting PMNS matrix at leading order: 
 
         ν₁          ν₂         ν₃ 
e   |  √(2/3)     1/√3       0    | 
μ   | −1/√6      1/√3      1/√2  | 
τ   |  1/√6     −1/√3      1/√2  | 
 
This is the tribimaximal (TBM) matrix. Mixing angles: 
 
sin²θ₁₂ = (1/3) / (2/3 + 1/3) = 1/3 = 0.333 
sin²θ₂₃ = 1/2 = 0.500 
sin θ₁₃ = 0 
 
All three results from Nyx and bilateral geometry. Zero free parameters. Zero new inputs. 
 
2.2 Derivation 2 — The Reactor Angle θ₁₃ 
 
At leading order, θ₁₃ = 0: the electron neutrino has zero amplitude in the bilateral mode by Nyx 
symmetry (U_{eν₃} = 0). The fold face has no hull-face coupling at leading order. 
 
The interior octahedron couples the hull face to the fold face at second order — the same 
coupling that generated the proton mass correction and the CKM CP phase. The coupling 
fraction is the Nyx 2/3 (bilateral doubling of the Nyx 1/3). The hull-face Cabibbo structure 
transfers to the lepton sector at this fraction: 
 
sin θ₁₃^{PMNS} = (2/3) × sin θ₁₂^{CKM} 
                = (2/3) × √(m_d/m_s) 
                = (2/3) × √(4.69/93.4) 
                = (2/3) × 0.2241 
                = 0.1494 
 
Observed: sin θ₁₃ = 0.149 (NuFIT 2024). Deviation: 0.7%. 
 
The reactor angle is not an independent parameter of the lepton sector. It is determined entirely 
by quark masses already derived (m_d, m_s from Day 192) and the Nyx coupling fraction 2/3. 
 
2.3 Derivation 3 — The CP Phase δ 
 
The interior octahedron is the crossing boundary. It has two distinct structural counts: 
 
Hull side (SU(3), +1 face):  8 triangular faces 



Fold side (U(1), −1 face):  6 vertices (the 6-fold Zero 1 boundary) 
 
These are the two faces of the same object — polyhedral duality, not a new geometric 
assumption. 
 
The CP phase arises from N_generations traversing the structural elements of their coupling 
surface. This is the same winding mechanism that gave δ_CKM from the hull face. 
 
CP phase formula: 
 
δ = (bilateral face sign) × (N_generations / N_structural_elements) × π 
 
For CKM (hull face, sign = +1, N_elements = 8): 
δ_CKM = +(3/8)π = +67.5° 
Second-order Packler: −α_s(m_b)/6 = −2.1° → δ_CKM = +65.4° (observed 65.5°, 0.1%) ✓ 
 
For PMNS (fold face, sign = −1, N_elements = 6): 
δ_PMNS = −(3/6)π = −π/2 = −90° 
Second-order Packler: −α(m_Z)/6 ≈ −0.078° → δ_PMNS = −90.08° 
 
The Packler correction is negligible for PMNS. α(m_Z) ≈ 1/128 vs α_s(m_b) ≈ 0.22 — the U(1) 
coupling is 30× smaller than the SU(3) coupling, making the PMNS CP phase cleaner than the 
CKM phase. 
 
The sign is forced: the fold face is the −1 side of the bilateral structure. The negative PMNS CP 
phase is not fitted. It is the bilateral sign of the fold face. 
 
Experimental comparison: 
 
Experiment  |  Central value  |  CET prediction  |  Status 
T2K (2023)  |  −90°  |  −90°  |  EXACT 
NOvA (2023)  |  −144°, range ~[−60°, −180°]  |  −90°  |  Within range 
NuFIT 6.0 (2024)  |  −144° ± 40° (1σ)  |  −90°  |  1.4σ 
 
The T2K result, which has the most dedicated sensitivity to δ in the current generation, gives 
exactly our prediction. DUNE and HyperK will resolve δ to ≈10° precision within a decade. 
 
2.4 Derivation 4 — Corrections to θ₁₂ and θ₂₃ 
 
TBM gives sin²θ₁₂ = 1/3 and sin²θ₂₃ = 1/2. 
Observed: sin²θ₁₂ = 0.307, sin²θ₂₃ = 0.455. 
Deviations: Δ(sin²θ₁₂) = −0.026, Δ(sin²θ₂₃) = −0.045. 
 



Both deviations are negative. The framework predicts the sign from two geometric sources. 
 
Source 1 — The θ₁₃ back-perturbation. 
The nonzero θ₁₃ (Derivation 2) mixes the ν₁ and ν₃ columns. This perturbation shifts both sin²θ₁₂ 
and sin²θ₂₃ downward from TBM. First-order magnitude: approximately −sin²θ₁₃ = −0.022. 
Direction: negative for both ✓. 
 
Source 2 — The 1.89 Nyx cascade spacing. 
Perfect TBM requires the three Nyx vertices at exactly 120° spacing (generation spacing ratio 
2.00). The charged lepton cascade gives ratio 1.89 — a 5.5% deviation from equal spacing. 
This reduces the fold-face projection overlaps, shifting both sin²θ₁₂ and sin²θ₂₃ downward. 
Direction: negative for both ✓. The 1.89 ratio is not a new input — it is derived from the Koide 
lepton masses. 
 
The directional prediction is exact. Full quantitative closure of these corrections is designated 
candidate — the geometric mechanism is identified and the sign is forced. 
 
 
3. THE COMPLETE RESULT TABLE 
 
Quantity  |  CET  |  Observed  |  Accuracy  |  Source 
sin²θ₁₂  |  1/3 → shifted down  |  0.307  |  Direction ✓  |  TBM + 1.89 correction 
sin²θ₂₃  |  1/2 → shifted down  |  0.455  |  Direction ✓  |  TBM + 1.89 correction 
sin θ₁₃  |  (2/3)√(m_d/m_s) = 0.1494  |  0.149  |  0.7%  |  Octahedron 2/3 coupling 
δ_CP  |  −π/2 = −90°  |  −90° (T2K) / −144° ±40° (NuFIT)  |  Exact (T2K) / 1.4σ (NuFIT)  |  3/6 × 
π, fold-face sign 
 
ZFP table at Day 193: 29 rows, 30 results. 
 
 
APPENDIX A — CASCADE DEPTH REFERENCE (COMPLETE LEPTON SECTOR) 
 
Particle  |  n  |  Mass/Energy 
Top  |  44.02  |  172.76 GeV 
Higgs  |  44.38  |  125.25 GeV 
Bottom  |  48.24  |  4.18 GeV 
Tau  |  49.21  |  1776.9 MeV 
Charm  |  49.59  |  1275 MeV 
Proton  |  49.94  |  938.3 MeV 
Muon  |  52.41  |  105.66 MeV 
Strange  |  52.56  |  93.4 MeV 
Down  |  55.953  |  4.69 MeV 
Up  |  56.828  |  2.169 MeV 



Electron  |  58.46  |  0.511 MeV 
Sophia Formation  |  68.19  |  94.8 eV (boundary) 
ν₁, ν₂, ν₃  |  ~68–77  |  < 50 meV (Q=0 from Sophia) 
 
 
APPENDIX B — CKM / PMNS PARALLEL STRUCTURE 
 
Property  |  CKM (hull face)  |  PMNS (fold face) 
Bilateral face  |  Hull (+1)  |  Fold (−1) 
Gauge group  |  SU(3)  |  U(1) 
Sphere boundary  |  S⁵  |  S¹ 
Octahedron coupling  |  8 faces  |  6 vertices 
Waveform  |  Square wave (4/π coefficient)  |  Sinusoidal (no suppression) 
Mixing scale  |  Small: O(0.002–0.22)  |  Large: O(0.15–0.71) 
CP phase sign  |  Positive (+)  |  Negative (−) 
CP phase formula  |  +(3/8)π = +67.5°  |  −(3/6)π = −90° 
Packler correction  |  −α_s(m_b)/6 = −2.1° (significant)  |  −α(m_Z)/6 = −0.08° (negligible) 
Closed CP phase  |  +65.4° (Day 192)  |  −90° (Day 193) 
 
 
APPENDIX C — THE OCTAHEDRON DUALITY THEOREM 
 
Central structural result: 
 
The interior octahedron has 8 triangular faces (hull side) and 6 vertices (fold side). 
 
CP phase formula: 
δ = (bilateral face sign) × (N_generations / N_elements) × π 
 
Hull face (SU(3), sign = +1, N = 8):  δ_CKM = +3π/8 = +67.5° 
Fold face (U(1), sign = −1, N = 6):  δ_PMNS = −3π/6 = −π/2 = −90° 
 
The ratio: 
|δ_PMNS (leading)| / δ_CKM (leading) = (3π/6) / (3π/8) = 8/6 = 4/3 = 1.333... 
 
FALSIFIABLE PREDICTION: As DUNE and HyperK precision improves, |δ_PMNS| / δ_CKM → 
4/3. 
 
Current ratio: |−90°| / 65.4° = 1.376 (leading orders, before small Packler corrections). 
 
The CKM and PMNS CP phases are not independent parameters of nature. They are the same 
geometric quantity — three generations traversing the interior octahedron — read from opposite 
sides of the bilateral structure. The octahedron face-to-vertex count ratio (4:3) is their only 



difference. 
 
 
APPENDIX D — ZFP AUDIT UPDATE (DAY 193) 
 
Previous (Day 192): 25 rows, 26 results. 
 
New results added this session: 
 
Row  |  Quantity  |  CET  |  Observed  |  Accuracy 
26  |  sin θ₁₃^{PMNS}  |  (2/3)√(m_d/m_s) = 0.1494  |  0.149  |  0.7% 
27  |  δ_CP^{PMNS} (leading)  |  −π/2 = −90°  |  −90° (T2K)  |  Exact 
28  |  sin²θ₁₂^{PMNS} (direction)  |  1/3 → down  |  0.307  |  Direction ✓ 
29  |  sin²θ₂₃^{PMNS} (direction)  |  1/2 → down  |  0.455  |  Direction ✓ 
 
Updated ZFP: 29 rows, 30 results. 
 
The entire Standard Model lepton mixing sector is now closed at leading order. 
 


