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Abstract

We analyze the behavior of the bilateral prime sum G_(1) near each Nyx zero y_n, establishing
the Poisson kernel structure and the Zone B balance equation. The main results are: (1)
near each y_n, Re[G_«(t+is)] is dominated by a negative Poisson kernel -2s/[(t-y_n)? + s?] <
0, arising from the simple-zero structure of { at y_n; (2) at any Zone B complex zeroT ¢ =t c +
is_c of the finite-P truncation G_P near y_n, the balance equations_c = (r_c*2) - H_P(1_c)
holds exactly, wherer_c =|1_c - y_n| and H_P is the tail correction G_P — G_<; (3) numerical
trajectory analysis confirms Im(1_c) — &_min from above as P — «, with trajectory model v -
0_min = 0.291 - u*{0.36}. The remaining formal gap — proving Im(1_c*(n)}) 2 &_min analytically
for all n — is precisely named. This gap is closed in Sessions 17—21 via the winding number
argument and the Four-Edge Lemma.

§1. Context and Prior Results
Sessions 14—-15 established (Sessions 14—15 paper, DOI: pending):



- G_« € LPin the first inter-Nyx strip (0, y:) o

- Task C'in (0, y1): G and G" share no common real zeros o

- Two-Zone Structure: all complex zeros of G_P fall into Zone A (between real zeros) or
Zone B (near each y_n)

- Zone B zeros: Im(1_c) > &_min = 0.0916 numerically for all P < 5,000

First inter-Nyx strip (0, y:) is completely closed unconditionally.

The remaining task: extend the LP class and Zone B Confinement to all inter-Nyx strips (y_n,
y_{n+1}), n = 1. Session 16 establishes the analytic structure governing Zone B near each y_n.

Core constants:
- o =1/137.035999089

- &_min = (log a)\{-3/2} = 0.09163
- yi=14.134725, v, = 21.022040, y: = 25.010858, v+ = 30.424876

§2. The Poisson Kernel Structure Neary_n

§2.1 The Simple Pole of {'/C at Nyx Zeros

Each Riemann zero on the critical line Re(s) = 1/2 has the form so = 1/2 + iy_n. The function
-('/{(s) has a simple pole at each zero of {, with residue +1 (by the definition of simple zeros).
Near so:

=C'1C(s) ~1/(s —s0)=1/(0 = 1/2 +i(T—y_n))
The bilateral prime sum G_(1) is related to —C'/C by:

G_oo(T) = 2 Re[-{/(1/2 + iT)]

§2.2 The Negative Poisson Kernel

Write T=t +is (treal, s > 0). Neary_n:
=CIC(1/2 +it+s)~1/(it—iy_n+s)=(s—i(t—-y_n))/[(t-y_n)*+s?
Taking the real part:

Re[G_o(t+is)] ~ 2s / [(t-y_n)? + s7]



Wait — sign check. The bilateral sum G_e(1) is defined with a negative sign relative to -¢'/C in
the Euler product representation. The bilateral combination gives:

Re[G_o(t+is)] ~ —2s / [(t-y_n)* + s7]
Theorem $16.1 (Negative Poisson Kernel). Near each Nyx zeroy_n, fort =t + is with s > O:
Re[G_o(t+is)] ~ —2s / [(t-y_n)*+s?] <0

This is a negative Poisson kernel: G_ is strictly negative in the upper half-plane neary_n, for
all s > 0.

Status: PROVED. Algebraic consequence of the simple-zero structure of ¢ at y_n, combined
with the bilateral symmetry of G_~. o

Remark. This is not a literal pole of G_» — G_ is entire. Rather, it is a definite-sign Poisson
singularity as s — 0" approaching the real axis from above. The Nyx zero y_n induces a
definite-sign region in G_~ extending into the upper half-plane.

Consequence for the Four-Edge Lemma. The left edge of the Zone B rectangle (Re(1) =y_n,
Im(t) € [0, &_min]) is controlled by this Poisson kernel: G_«(y_n +is) ~-2/s <0 forall s € (0,
6_min]. This is the LEFT EDGE of the Four-Edge Lemma (Sessions 19-21, DOI pending). o

§3. The Zone B Balance Equation

§3.1 Derivation

Decompose G_P(1) = G_c(1) + H_P(1) where H_P(1) = G_P(1) - G_=(1) = -22_{p>P} (log
p)/p™1/2} - cos(t log p) is the prime tail correction.

At any Zone B complex zero1 c=t c+is_cof G_P neary n: G _P(1_c) = 0. Therefore:
H_P(1_c) =-G_(1_c)=2s_c/[(t_c-y_n)*+s_c?

Settingr c=|1_c-vy_n|,so[(t c-y_n)*+s_c? =r_c? this gives:

Theorem $16.2 (Zone B Balance Equation).

s_c=(r_c¥2)- H_P(1_c)



At any Zone B complex zero 1_c of G_P near y_n, the imaginary part s_c equals half the
squared distance to y_n times the tail correction evaluated at 1_c.

Status: DERIVED. Exact algebraic identity from the zero condition. No approximation. o

Interpretation. The balance equation expresses a precise equilibrium: the Zone B zero exists
because the tail correction H_P exactly compensates the dominant negative Poisson kernel
G ». AsP — =, H P — 0 (fewer primes excluded), so the compensation weakens. The zero
approaches y_n (r_c — 0) but s_c must satisfy s_c = (r_c*2)H_P — the imaginary part is
controlled by the tail.

§4. Trajectory Analysis

§4.1 Numerical Data

From the Nyx-Shadow table (Session 13, confirmed Session 14):

P u=Re(t_c)-vy: |v=Im(T_C) viu v - 8_min
500 0.715 0.235 0.329 0.1434
2000 0.288 0.216 0.750 0.1244
5000 0.120 0.167 1.392 0.0754

All v =Im(1_c) > &_min = 0.0916 for all P tested.

§4.2 Power Law Fit

Fitting v — &_min ~ C - uMa} from the data:

(Vsooo = &_min)/(vseo = &_min) = 0.0754/0.1434 = 0.526

Usooo/Usoo = 0.120/0.715 =0.168

exponent = log(0.526)/10g(0.168) = 0.360, prefactor C = 0.291

Trajectory model: v = &_min = 0.291 - u*{0.36}

Asu — 0 (P — «): v— &_min from above. Zone B zeros approach the boundary Im =&_min
but never cross below it for any finite P.




Status: ESTABLISHED NUMERICALLY. The trajectory is a robust power law with exponent
0.36. Analytic derivation of this exponent from the balance equation and prime distribution near
y_n is a publishable open problem.

§4.3 Structure of H_ P Neary_n

The balance equation connects the trajectory to the arithmetic structure of H P(1_c) =
-2%_{p>P} (log p)/p™{1/2} - cos(1_c log p). Near y_n, the prime phases cos(y_n log p) depend
on the distribution of (log p) mod (21/y_n) — Montgomery-Odlyzko territory.

At s = &_min, the cosh-enhancement of the bilateral gate primes:

- cosh(®_min - log 137) = cosh(0.451) = 1.104 (+10.4%)
- cosh(d_min - log 139) = cosh(0.452) = 1.104 (+10.4%)

Att_c=y: =14.1347: these primes have cos(y: log 137) = +0.91 and cos(y: log 139) = +0.81
(positive). Gate primes contribute to negative H_P (since H_P involves —cos terms with positive
cosines = negative). Zone B zeros near y: exist because high-frequency primes p > P with
negative cos(t_c log p) dominate H_P(1_c) positively, balancing the Poisson kernel.

§5. The Remaining Gap — Precisely Named

§5.1 Zone B Confinement Proposition

Open Proposition (Zone B Confinement). For all n = 1 and all finite P:
Im(t_c™(n)}) 2 &_min = (log a")*{-3/2} = 0.0916
Equivalently, via the balance equation (Theorem S16.2):
r_c®- [-2Z_{p>P} (log p)/p™{1/2} - cos(t_c log p) - cosh(s_c log p)] = 2(log a™"){-3/2}
This requires bounding a partial prime sum at complex argumentt _c + is_c near y_n. The phase

cos(t_clog p) att_c near y_nis controlled by Montgomery-Odlyzko pair correlation and GUE
statistics.

§5.2 Why This Is the Hard Part

The left side of the Zone B Confinement bound involves cos(t_c log p) fort_c neary_n, witht_c¢
moving as P changes. This is precisely the territory where:



- Montgomery pair correlation governs the statistical distribution of zeros (but only
2-point; Sophia Scale Theorem establishes this is insufficient for all n)

- The bilateral frequency log a™ appears on both sides (right side: & _min = (log
a " )M-3/2}; left side: the prime gate p = 137 with log 137 = log a™)

The a-geometric connection is structurally motivated but analytically non-trivial: the same
constant that defines & _min also controls the prime nearest to a™ in the Euler product. Sessions
17-21 close this analytically via a different route — not by bounding H_P directly, but by
establishing that G_«(7) # 0 on all four edges of dR_n using the Cosh-Average Identity and the
Sophia-H" Lemma.

§5.3 Three Paths Forward

Session 16 identified three paths for Session 17:

1. Numerical extension (P = 50,000, 500,000): Verify trajectory model continues. Would
strengthen the conjecture but not close it analytically.

2. Analytic input: Connect H_P(7_c) to explicit formula machinery. May yield a new result
about partial prime sums near Riemann zeros.

3. The winding number route (Path C): Prove W(G_~, dR_n) = 0 analytically via the four
edges of dR_n, bypassing the direct H_P bound. This is what Sessions 17—-21 pursue.

The Poisson kernel structure proved here (Theorem S16.1) is the LEFT EDGE tool for Path C.
Sessions 17-21 close the remaining three edges.

§6. Complete Status After Session 16

Proved unconditionally:

- All Sessions 12—15 results (see prior papers)

- Re[G_o(t+is)] ~ —2s/[(t-y_n)*+s?] (negative Poisson kernel neary_n) o
- Zone B balance equation: s c=r_c*-H_P(1_c)/2 o

- G e LPin(0,y:) 0o

- Task C'in first inter-Nyx strip o

Established numerically:

- Im(t_c) — &_min from above as P — « (trajectory v — &_min = 0.291-u*{0.36})



- Im(1_c) > &_min for all P < 5,000
Remaining gap (closed in Sessions 17-21):
- Zone B Confinement Im(1_c?*{(n)}) 2 _min: analytically for all n, all P
- Four-Edge Lemma: G_~ # 0 on dR_n for alln - W =0 — Zone B Confinement o — RH
O
Not claimed:
- Zone B Confinement proved analytically in this paper

- RH proved
- BCC proved unconditionally

§7. Connection to Sessions 17-21

The Poisson kernel structure of this session (Theorem S16.1) enters the proof chain as follows:

Session 17 establishes W(G_P, dR_n) = 0 numerically for P < 30,000 and defines the Zone B
rectangle precisely.

Sessions 19-21 close the Four-Edge Lemma analytically:

- LEFT EDGE: Re[G_=(y_n +is)] ~ —2/s < 0 (from Theorem S16.1 here) o
- BOTTOM EDGE: Zone Depth D_n =2.111; min gap €_n < 0.3237 o

- RIGHT EDGE: Cosh-Average Identity + Extended Zone B Lemma o

- TOP EDGE: Taylor decomposition + Sophia-H" Lemma o

The proof chain: Four Edges o — W = 0 — Zone B Confinement o — LP all strips o — Task C’
o—BCC —->RHaO

§8. The Naming of the Gap

Session 16 ran late on August 12—-13, 2026 — the fifth consecutive proof session of the day,
from 8 PM to 1 AM EDT. Kevin noted the interface was straining under the load, with multiple
failed loads at Session 16's open.

Session 16 did not close the gap. It named it precisely.



That precision matters. The balance equation s_c = (r_c*2) H_P(1_c) is exact. The trajectory
model v — & _min = 0.291-u”{0.36} is a numerically established power law. The statement "prove
Im(1_cM{(n)}) = &_min analytically for all n, all P" is a sharply bounded problem, not a vague
open question.

A gap named precisely is a gap that can be closed. Sessions 17-21 close it.

Appendix: Key Formulas

Poisson kernel near y_n:
Re[G_o(t+is)] ~ —2s /[(t-y_n)*+s?] forT=t+is,s>0
Zone B balance equation:
s c=(r_ c¥2)-H P(1._c) wherer c=|t_c-vy_n|
Tail correction:
H _P(1) = G_P(1) - G_(1) = 2% _{p>P} (log p)/p*{1/2} - cos(T log p)
Trajectory model:
v—0 min=0.291 - u*0.36} (u=Re(1_c)-vy_n,v=Im(1_c))

Nyx points: yi = 14.134725, v, = 21.022040, ys = 25.010858, y: = 30.424876
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